
Area and Volume
In this session, we’re addressing several standards in Geometry:

7.G.4 Know the formulas for the area and circumference of a circle and use them to 
solve problems; give an informal derivation of the relationship between the circumference 
and area of a circle.

7.G.6 Solve real-world and mathematical problems involving area, volume and surface 
area of two- and three-dimensional objects composed of triangles, quadrilaterals, polygons, 
cubes, and right prisms. 

8.G.9 Know the formulas for the volumes of cones, cylinders, and spheres and use 
them to solve real-world and mathematical problems.

And along the way, we’ll try to connect them to other standards in geometry and beyond.

There are a number of “three-act” problems on the Dan Meyer site, and we’ll talk about them. 
But in Act II of a three-act problem (or any similar, rich investigation), there’s this part where 
you have to help students get the tools they need to solve the problem. 

You don’t have to delay the investigation until students have mastered the “prerequisites.” In 
fact, learning the content “just in time” ensures that the content is meaningful (that is, useful) 
to students when they learn it—and it has a better chance of sticking.

Comments on Content
Even so, you need the content. So this section details some of the content implied by the 
standards. It’s tricky: part of the point is to avoid doing unnecessary topics. On the other hand, 
there are some code words in the standards that imply content you might not think of. 

It’s also useful to look back at Grade 6:

6.G.1 Find the area of right triangles, other triangles, special quadrilaterals, and 
polygons by composing into rectangles or decomposing into triangles and other shapes; 
apply these techniques in the context of solving real-world and mathematical problems.

Our students have supposedly seen this much already. But in practice, they haven’t mastered it
—and our work at grades 7 and 8 will reinforce this grade 6 standard as well. 

Let’s take it apart phrase by phrase:

• Areas of right triangles…Every right triangle is half of a rectangle, so its area is half of the 
rectangle area.



• …by composing into rectangles… That is, you could take two of them and arrange them into 
a rectangle. You can also think of this as decomposing a rectangle into two triangles, and 
figuring out the triangle that way.

• …or decomposing into triangles and other shapes. You can take odd shapes (see the home 
plate example later in this packet) and chop them up into shapes whose areas you can 
find. Add up the pieces to find the total area. 

• …other triangles…. The A = (1 / 2)bh  formula works for any triangle, not just right 
triangles. You can make the connection through composing and decomposing. What’s 
hard is seeing the height. We often tell kids it’s the perpendicular distance to the base,  but 
that doesn’t tell them why. So it may be better to ask students to find the rectangle that 
encloses the triangle (at least when the odd vertex is “over” the base) so they can see that 
the triangle has half the area of the rectangle.

• …special quadrilaterals… They mean parallelograms and trapezoids. The problem with 
parallelograms is, again, seeing where height is. The trapezoids in question are generally 
going to be isosceles trapezoids or right trapezoids. 

In the isosceles case, cut off a triangle and fit it on the other end. In the illustration below 
left, we cut the right-hand triangle off the trapezoid. In the right illustration, we turned it 
green, flipped it over, and made it fit on the left to see that the area is 30 square units.

If the problem has a right trapezoid, decompose it into one rectangle and one right 
triangle. Both of these trapezoids require students to see corresponding distances on the 
opposite side. In the isosceles example above, the dashed lines mark off a length of 4 on 
the 8-length side; if we know it’s symmetrical, the short bits each have to be 2.

• …polygons. You can decompose any polygon into triangles. If you find right angles, you 
may be able to use rectangles, but don’t count on it. Again, see the home plate example. 

• …solving real-world and mathematical problems. These come in a wide variety, often having 
to do with fields, vacant lots, house floor plans, wrapping paper, material for covering 
holes, etc. Easy ones can be solved by counting squares. Then move up to adding or 
subtracting rectangles; then triangles. 
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Grade 7 Content
• Circles (7.G.4) Formulas for area and circumference… Students are often confused about 

πr2 and 2πr . They’ve heard these two formulas but often forget what they apply to. 

Note: Students also mess up by confusing diameter with radius. 

Unspoken concept: units. To keep it straight which formula is which, be careful about units. 
If the problem doesn’t have real units such as centimeters, talk about length as “8 units” 
or “L units.” Then you can talk about area as “square units” and eventually, volume as 
“cubic units.” Make the point that if r = 2, then πr2 is π times 2 units times 2 units. Which 
is π times 4 square units. So it must be area. 

• …use them to solve problems… Now you can use composition and decomposition to solve 
more complex problems in some of the same contexts as with polygons. Typical new-ish 
connections include the area inside a track (a rectangle plus two semicircles) or the area of 
an annulus (a circle minus the hole). 

Problems involving circumference include rolling wheels. It’s not obvious to students that 
one rotation of the wheel moves the wheel one circumference along. Also, any problem 
that involves perimeter can involve circumference. So a fence for a circular pen requires a 
circumference calculation.

• …informal derivation of the relationship between circumference and area… Students should 
experience this; but experts disagree whether a seventh-grader should have to reproduce 
this logic. 

• Area, Surface Area, and Volume (7.G.6) …solve problems involving area of objects 
composed of triangles, quadrilaterals, [and] polygons…. These follow and reinforce the Grade 
6 material.

• …solve problems involving volume of objects composed of cubes and right prisms. A box is a 
right prism as well. The key words “composed of” means that you can have figures made of 
cubes and right prisms glued together, or where there are holes you have to subtract. 
Note that pyramids, cylinders, cones, and spheres are not part of this. 

Real-life problems that involve measurement are always 
welcome, e.g., volume of the classroom. The illustration 
shows a typical hard “book” problem—find the volume of 
the tent. You could decompose the tent into a box (12 by 
20 by 6 feet) and a triangular prism. Note that we often 
draw prisms vertically, but they aren’t all that way!

Notice also how the student has to infer measurements 
that are not on the figure, such as the 4-foot height of the prism. 
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• …solve problems involving surface area of objects composed of triangles, quadrilaterals, and 
polygons… This is about area, but areas of the things that make up the surfaces of 3-D 
figures. In the tent above, we have 5 rectangles and two pentagons. Activities around 
surface area might include nets—2D figures that you can fold up into 3D figures. Net 
activities give good practice with spatial-visualization skills. Real-life problems with 
surface area include paint problems and investigations into surface-to-volume ratios.

Grade 8 Content
In grade 8, the issues are the same except that now we have volumes of three figures that 
are not polyhedra. In the formulas, b = base, r = radius, h = total height, s = slant height (for 
the cone).

figure volume surface area (FYI—not in standard)

cone V = 1
3
bh = 1

3
πr2h SA = Abase + Ahat = πr

2 +πrs

cylinder V = bh = πr2h SA = 2Abase + Aside = 2πr
2 + 2πrh

sphere V = 4
3
πr3 SA = 4πr2

Although they’re not in the standards until high school (G-GMD.1), you might include 
pyramids. Their volume is calculated the same way as cones. 

Pythagorean Gotcha
If you look back at the tent diagram, you might consider asking students for surface area as well 
as volume. But beware! To get the two roof areas exactly, you need the length of the slanty 
“rafter” segments. And you can’t calculate those without the Pythagorean Theorem, which has 
been carefully and purposefully (I assume!) left for Grade 8 (8.G.7).

That doesn’t mean you can’t address it. Have students make a scale model (7.G.1) and measure 
it. That is good experience to motivate Pythagoras, and to understand about the meaning of 
surface area. 

3-D Terminology
We often talk informally about the “sides” of a cube. Be careful. A 
polyhedron has faces, each of which is a polygon. Each face has 
three or more edges. Edges meet at points we call vertices. Prisms 
have several faces. There are two kinds: bases—one on each end
—and sides. (Illustration from Wolfram MathWorld.
 http://mathworld.wolfram.com/Face.html)

Area and Volume • Page 4

http://mathworld.wolfram.com/Face.html
http://mathworld.wolfram.com/Face.html
http://mathworld.wolfram.com/Face.html
http://mathworld.wolfram.com/Face.html


Dimensionality and Dimensional Analysis
This sounds all high-mathy and abstract, but it’s just an extension of the importance of units. 

• Length is one-dimensional. It comes in units such as centimeters, inches, or miles. Or in 
just plain units. 

• Area is two-dimensional. It comes in square units, square centimeters, and so forth.

• Volume is three-dimensional. It comes in cubic units. Cubic inches, cubic centimeters, etc.

A formula for any one of these has to have the right units. So if you see 2πrh , you know it’s an 
area because it has an r (which is a length) multiplied by an h (which is also a length) and no 
other lengths.

One area of confusion is whether circumference and perimeter are one- or two-dimensional. 
The answer is, they’re lengths: one-dimensional concepts, even though they wrap around two-
dimensional figures.1  

Other Units of Area and Volume
In math-book problems, areas are usually measured in square units and volumes in cubic units. 
But in real life, there are units that are intrinsically area and volume. 

• An acre is a measure of land area, defined so there are 640 acres in a square mile (which 
itself is a section of land in the central and western US). 

• A liter is a metric measure of volume, equal to 1000 cubic centimeters (cc). Note that this 
is a cube 10 cm on a side. The liter spawns the milliliter, which of course is 1 cc. 

• A (US liquid) gallon is a unit of volume equal to that of about 8 pounds of water. 3.8 liters. 
Also, 4 quarts, or 8 pints, or 16 cups. Each cup is 8 fluid ounces.

Connecting to Expressions and Equations
Students need to be able to construct and manipulate 
expressions and equations about area, surface area, and 
volume, appropriate to their grade level.

For example, a seventh-grader should be able to figure out the 
circumference of a circle that has an area of 10 square 
centimeters. An eighth-grader should be able to construct and 
solve two equivalent equations that represent the situation in 
the illustration. 
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Behind the Basics
It might be useful to think deeply—for a little while at least—about where the basics come 
from. How do we get area and volume? It’s not essential that students be able to reproduce all 
of this thinking at this stage. But it’s worth keeping it in mind, for two reasons:

• As you make choices about what curriculum to include, think about how it connects to the 
underlying math.

• As you ask students questions to probe their understanding, see what elements of these 
basics they understand. For example, if a seventh-grader tells you that the area of a 
triangle is ”one-half B H,” it’s reasonable to ask them to explain why. 

Composing and Decomposing
This is the process of putting shapes together and taking them apart. It’s the main way we 
move from areas of rectangles to everything else. Let’s follow some of this logic. We begin with 
a rectangle, whose area is length times width. This is also base times height. There’s a chance for 
confusion right there. 

width

le
ng

th

base

he
ig
ht=

If we cut this rectangle along a diagonal, we decompose it into two right triangles. Each has half 
the area of the rectangle. This leads to the traditional formula for the area of a triangle.

base

he
ig
ht

base

he
ig
ht A = 1

2
bh→ →A = bh
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Why show you teachers something this simple? To point out that we don’t usually ask our 
students, “what’s the area of half a rectangle?”—which is easy. Instead, we ask them to start 
with the triangle and imagine duplicating it and flipping it around. That’s comparatively hard, 
so we often fall back on memorizing A = 1

2
bh .

So, two recommendations for students who can’t find the area of a right triangle:

• Make sure they can find the area of half a rectangle, cut along the diagonal. If they can’t 
do that, you have deeper problems.

• If they can split the rectangle, try asking, draw me a rectangle that this is half of. 

Whichever way you do it, it illustrates the important idea that you can figure areas out through 
cutting them up and reassembling them. For example, in parallelograms, we see

base

he
ig
ht = = A = bh

he
ig
ht

he
ig
ht

base

If the student can see the rectangle that you can cut up to make this parallelogram, they can avoid 
the common problem of not knowing what the height is. It’s not something obscure to 
memorize—it’s the obvious height of the original rectangle.

I think it’s OK to be explicit. Ask confused students to draw the relevant rectangle. Have them 
compute its area. Make them show you what got cut off and how it moved, in order to make the 
parallelogram. Point out that cutting things up and moving them doesn’t change the area, and 
in fact it’s a great strategy.

Home Plate as an Example
Some shapes are all about adding more than one shape 
together. Consider home plate (go Grizzlies!). The picture is 
from Wolfram MathWorld, with dimensions in inches for an 
MLB home plate. Assuming for the moment that the 
illustration is correct (it’s not!), we can work on this question:

The bases are 15 inches square. Which has more area—a base 
or home plate?

The base is easy. It’s a square. 15 times 15 is 225 square inches. 
But we don’t have a formula for the area of a pentagon. So we cut home plate into a rectangle 
and a triangle:
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17

8.5

1212

=
17

8.5

12

12+

Now we find the area of the rectangle—(17)(8.5) = 144.5 square inches. Then the triangle area 
is (1/2)(12)(12) = 72. Finally, we add: 144.5 + 72 = 216.5. The bases are bigger, but not by 
much!

Notice how we did this by adding two parts together rather than slicing and rearranging as we 
did with the parallelogram or right triangle. 

You can also solve area problems by subtracting. Amazingly, we can use home plate for that as 
well. Here is the description of home plate from the official rules of baseball:

Home base shall be marked by a five-sided slab of whitened rubber. It shall be a 17-inch square 
with two of the corners removed so that one edge is 17 inches long, two adjacent sides are 
81/2 inches and the remaining two sides are 12 inches and set at an angle to make a point. It 
shall be set in the ground with the point at the intersection of the lines extending from home 
base to first base and to third base; with the 17-inch edge facing the pitcher’s plate, and the 
two 12-inch edges coinciding with the first and third base lines.

Isn’t that interesting! It’s a 17-inch square with corners cut off. And how big are the corners? 
Each side of the square, it turns out, is cut in half—the 17 inches is divided into 8.5 and 8.5. So 
the two triangles to be removed are isosceles right triangles, i.e., 45-45-90 triangles, with the 
“like” sides 8.5 inches long:

17

8.5

12
=

17

–
8.5

8.58.5

8.5

8.5

12
17 8.5

8.5

8.5

8.5

So using this method, we have (17)(17) for the square, or 289 square inches. Each little triangle 
is (1/2)(8.5)(8.5), or 36.125 square inches. The two together are the size of an 8.5-inch square, 
or 72.25 square inches. Subtract 289 – 72.25 to get 216.75 square inches.2
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But the point is, you can compose and decompose figures by slicing and moving, by adding, or 
by subtracting. The key is to see the parts; and sometimes the “parts”—like the rectangle a 
triangle is half of, or the 17-inch square they cut home plate out of—are outside the figure. It 
takes practice to get good at visualizing the shapes that will make a calculation easy.

Students get introduced to this idea in grade 6. But as I mentioned they will not have mastered 
it; any practice in grades 7 and 8 will be well-spent.

Extrusion
Composition and decomposition take care of non-right triangles, quadrilaterals, and polygons 
in general. If necessary, you can always cut a polygon up into triangles.  

But what about volume? Composition works there too. But how do you start? What do you 
know the volume of so you can start slicing and adding and subtracting? You start through the 
definition of volume as the space occupied by a unit cube—and through extrusion.

Before we get there, let’s talk about boxes. Suppose all 6 of the faces of the box are rectangles, 
i.e., it’s a rectangular parallelipiped or cuboid. In that case, the box has three dimensions, and 
the volume is their product, That is, V = abc. 

You can help students make sense of this by thinking of the unit cubes and making layers. If 
the box is 3 by 4 by 5, you might cover the base with 3 * 4 = 12 cubes. Then you need five layers 
of 12 cubes each to fill the box. That’s 60 cubes, and that’s the volume of the box.

You can extend that idea to non-integer side lengths; I won’t go over that here.

Instead, I want to think about this “layers” idea: You take the area of each layer (one unit thick) 
and multiply it by the height of the box to get the box’s volume. It’s as if you are pulling that base 
rectangle through space, sweeping out volume from an area. That’s called extrusion. 

And it works no matter what the shape of the base is. If the base is  a triangle, and you pull that 
triangle through space, you get a triangular prism. Its volume is the area of the triangle times 
the distance you pulled it though, that is, the height. 

If the base is a circle, you get a cylinder—which you can think of as a circular prism3. The 
volume is the area of the circle times the height.

In general, if you pull any shape through space, and keep it parallel to the original shape, the 
volume of the resulting solid is 

Volume = (area of the base) x (height)
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where height is the distance between the plane you started in and the plane where you stopped.

At first, with students, we assume that you pull the shape perpendicular to the plane of the 
shape. That is, you make right cylinders and right prisms. But that’s not necessary; in fact, you 
don’t even have to pull the shape in a straight line for this idea to work. You only have to keep 
the shape parallel to the original.4

Connecting Extrusion and Decomposition: Revisiting Parallelograms
We introduced extrusion as a way to find three-dimensional volumes. But the principle applies 
in two dimensions as well: if you have a line segment and pull it some distance in the plane, 
keeping it parallel to the original segment, the area of the resulting figure is the length of the 
segment times the “height,” the distance between the two parallel lines containing the starting 
and ending segments. 

For a rectangle, it looks like the figure on the left; for a parallelogram, it looks like the one in 
the middle. The one on the right shows a not-straight-line example. All three figures have the 
same area. 

he
ig
ht

base

This shows a different way of thinking about the area of a parallelogram. We could do it with 
dissection and rearranging, cutting a triangle off of one side and moving it to the other in order 
to make the rectangle. But we can also do it with this “extrusion” method, where you imagine a 
gazillion paper-thin layers that add up to the same area—they’re just shoved over to the side.

The decomposition method is thinking like geometry. The extrusion method—the layers—is 
thinking like calculus.
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